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o A Likelihood Ratio Test using Markov chains to determine whether a
small piece of DNA is a CpG island or not
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DNA-Sequence

The sequence of the bases (A, T,G,C) in the DNA-
molecule determines the blueprint of an
organism.




What is a Markov chain and what has it to do
with DNA?

AHppen AHgpeesnd Mapkos (1856 — 1922)



Markov chain

C A, %23
= OO0 —

Model:

o asequence is generated by a random process

Alphabet:

o set of characters x; building up the chain, e.g. x; = {4,C, G, T}
Markov property:

o thevalue x;,; only depends on x;, but not on x;_4, x;_o, ...
Transition probability:

o ag =P(x; =t]xi-1 =5)
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Markov-chain for DNA

‘e
‘e
‘e
.

aca = 0.29 = probability
that a C is followed by an A apr = 0.25
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Drawing a long Markov chain
(for DNA)

Abbildung: Sven Schuirer



Joint probability of a chain

P(J_C)) — P(Xl - xl,XZ — xz,Xg = X3, ...,XN — xN)

= P(X1,X9,X3, e, Xp)
P(x)=P(X,=A4,X,=C,X3=C,X,=G,Xs =T) for DNA
= P(A,C,C,G,T)
P(x) = P(x1,%p,X3, e, Xn—1,XN)
Use multiple times: P(x,y) = P(x |y) - P(y)
P(X) = P(xy) + P(xz | x1) - P(x3 | x2,x1) - P(x4 | X3,%2,%1) - ...
With the Markov property, this simplifies to:

P(X) = P(x1) - P(xz | x1) - P(x3 | x2) - P(xg | x3) + ot Pty | Xpn—1)
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Probability of the Markov chain!

P(x) = P(x1) - P(xz | x1) - P(x3 | x3) - P(xq | x3) + oot P(xy | Xp—q)

Let ay, ,x, = P(x; | x;—1) transition probability

P(J_C)) — P(xl) "Axix, " Axyxs " Axgxy * " Axy_qxn

X is a virtual (begin)

N
P(x) = P(xy) - 1_[ Ay, . ox; with P(x;) = Ao 3, state, introduced to

) make the formula nicer

N

P(-’)_C)) — naxi_l,xi

=1

Iconsidering homogeneous Markov-chains only

www.matstat.org



Maximum Likelihood (ML) estimators for the
transition probabilities in DNA

o count the frequency of dinucleotides, cy;, in many genomic sequences
o normalize: divide by the sum of all outgoing transition probabilities

o a = transition probabilities; c = transition frequencies "counts”)

Cst
Ast = = s, t e {A,C,G, T}

D i Csi

It follows that: Z agt = 1
{

The outgoing transition probabilities from each symbol sum up to 1.

For example, it holds that:

Aca t+ Acc + acg tacr =1
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Maximum Likelihood (ML) estimators for the
transition probabilities in DNA

Cst

D i Csi

Ast = s, t e {A,C,G, T}

Cee =100 Cca =150 Cer =90 C.c =100

A, = (o _ 100 _0
Ceg +Cop +Cor +C 100+150+50+100

8oy = % =0,375

Acr = fTOO =0,125

Boc = % =0,25

8oc + 8., 8 +3c. =1 linetotal




Matrix of transition probabilities

A C G T

A 10,300 |0,205 |0,285 |0,210

C 10322 |0,298 |0,078 | 0,302

G (0,248 (0,246 |0,298 |0,208

T 10,177 (0,239 |0,292 |0,292
P(C,AA,G) = agc - Aca * Qua * Qg

Stochastisc
matrix

/

row sum =1

= 0.25-0.322-0.3-0.285 = 0.00688

Probability of the chain C, A, A, G ; presupposed the transition
probabilities presented in the table, and that the first
nucleotide is a C with probability 0.25
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Language recognition (Markov)

o languages differ by the frequencies of transitions between characters:

o for example, "th” is quite frequent in English but not in Spanish



A Likelihood Ratio Test using Markov chains to
determine whether a small piece of DNA is a CpG
island or not

04 -03 -02 -0.1 0 01 02 03 04
Bits

Picture from: Durbin et al. (Ed): Biological Sequence Analysis,
Cambridge University Press, 1998



Whatis a CpG island ?

What CpG frequency do we (approximately) expect ?

o P Ya-% = 1/16; more precisely 0,21 -0,21 = 4,4%
actual frequency is only 0,8 % (mammalia)
cytosine (C) in a CpG is chemically unstable:

o methylation, deamination: CG —» C™¢thG —» TG

CpG-islands have a higher CpG percentage, compared to the
rest of the genome
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"Training”: Finding transition probabilities for both
CpG islands and non-islands

CpG-Islands Non-Islands
A C G T A C G T
A |0.180 |0274 |0426 |0.120 A |0300 |0.205 |0.285 |0.210
C |0171 |0368 |[0274 |[0.188 C [0322 [0298 [0.078 |0.302
G |0161 [0339 [0375 |0.125 G |0248 |0246 |0.298 |0.208
T [0.079 |0355 |0.384 |0.182 T |0.177 |0.239 |0.292 |0.292

model+ model-

af, = 0.274 acc = 0.078
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How to discriminate between CpG islands
and non-islands

Observed sequence: X = (ATCGCGCGGC)

_ + _ o+ + + + + + + + + +
P (X | model+) = Uy, 1z; = QoA " Aar " Upo Qo " Qoo " Aca " Yo " Aog " %qa ” Yao

=0.25-0.12-0.355-0.274 - 0.339 - 0.274 - 0.339 - 0.274 - 0.375 - 0.339
= 3.125-10"% Probability of the chain under CpG island model

P (X | model—) = || a, 0, = Goa Gar Gpc o Ao Aoa * Aao Ao Cac  Aac
1

= 0.25-0.21-0.239 - 0.078 - 0.246 - 0.078 - 0.246 - 0.078 - 0.298 - 0.246
= 2.65-10"%  Probability of the chain under non-island model

Result: The probability of the chain is higher if we assume model "+” (CpG island
model) — It is more likely that the sequence X is a CpG-Island.

Note that it might be better to carry out these calculations in log-space, to avoid
underflow in computations. Products become sums in log-space making the
calculations faster.
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Likelihood Ratio Test for Discrimination of CpG
islands and non-islands

According to the model, a sequence X is a CpG-island if:

P(X | mod +) > P(X | mod —)
P(X | mod +) log likelihood ratios

1
P(X | mod —) > /
L +

L

P(X | mod +) Ay

S=1lo =Zlo j;“:Z >0
g[P(X | mod —) - gaxi_lxi l 1'[))x“1x‘

S=log odds score
If the log odds score S is bigger than 0, it is more likely that the sequence

probed is a CpG island. If the log odds score is negative, it is more likely that
the sequence does not emerge from a CpG island.
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Does the method really work?

Calculated scores for many training sets (islands and non-islands):

10

known non-islands

S<0 o

-0.3

-02 -0.1

0
Bits

0.1

0.2

0.3

known CpG-islands

S>0

0.4

o We see that most of the known CpG islands have a positive log odds score,
while most of the non-islands have a negative log odds score

o Errors are caused by: incorrect labels in the training sets, and problems
when determining borders between CpG-islands and non-islands

Picture from: Durbin et al. (Ed): Biological Sequence Analysis, Cambridge University

Press, 1998




Pros and Cons of the scoring model

o Given a short piece of DNA, with sufficient certainty, one
can decide if it is a CpG-island or not

o You cannot identify a potential CpG-island embedded in a
long genomic sequence

o The latter problem can be resolved by using a Hidden
Markov Modell -
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Long sequence: Finding CpG-islands with a
sliding window approach

,oliding window* L
— > > /%
..._ACGATGACCGT... _
Icture:
~ Sven Schuirer

- Calculate log odds score S in every window of width [
- Disadvantages:
e Runtime (?)

) unknown size of the island - unknown window width [
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